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The distances between charges in a group of charges may be much smaller than the 

distance between the group and a point of interest.

In this situation, the system of charges can be modeled as continuous.

The system of closely spaced charges is equivalent to a total charge that is 

continuously distributed along some line, over some surface, or throughout some 

volume.
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Electric Field of a Continuous 
Charge Distribution

Electric Field – Continuous Charge Distribution
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Procedure:

 Divide the charge distribution 

into small elements, each of which 

contains Δ𝑞.

 Calculate the electric field due to 

one of these elements at point P.

 Evaluate the total field by 

summing the contributions of all 

the charge elements.
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Electric Field – Continuous Charge Distribution, equations
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For the individual charge elements

∆𝐸 = 𝑘௘

∆𝑞

𝑟ଶ 𝑟̂

Because the charge distribution is continuous

𝐸 = 𝑘௘ ෍
∆𝑞௜

𝑟௜
ଶ 𝑟̂

௜

When ∆𝑞 → 0 :

𝐸 = 𝑘௘ lim
∆௤೔→଴

෍
∆𝑞௜

𝑟௜
ଶ 𝑟̂

௜

𝐸 = 𝑘௘ න
𝑑𝑞

𝑟ଶ
𝑟̂

Charge Densities
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Volume charge density: when a charge is distributed evenly throughout a volume

𝜌 =
Charge
Volume =

𝑄

𝑉
  with units 

𝐶

𝑚ଷ

Surface charge density: when a charge is distributed evenly over a surface area

𝜎 =
Charge
Area =

𝑄

𝐴
  with units 

𝐶

𝑚ଶ

Linear charge density: when a charge is distributed along a line

𝜆 =
Charge
Length =

𝑄

ℓ
  with units 

𝐶

𝑚

5

6



30-Sep-24

4

Amount of Charge in a Small Volume

30-Sep-24Mustafa Al-Zyout - Philadelphia University

7

For the volume:

𝑑𝑞 = 𝜌𝑑𝑉

For the surface:

𝑑𝑞 = 𝜎𝑑𝐴

For the length element:

𝑑𝑞 = 𝜆𝑑ℓ

If the charge is uniformly distributed over a volume, surface, or line, the amount of 

charge, 𝑑𝑞, is given by

Example 1: 
The Electric Field 
Due to a Charged 
Rod

A rod of length (ℓ) has a uniform positive charge per 

unit length (𝜆) and a total charge (𝑄). Calculate the 

electric field at a point (𝑃) that is located along the 

long axis of the rod and a distance (𝑎) from one end.

8
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Example 1: The Electric Field Due to a Charged Rod
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𝑑𝑞 = 𝜆𝑑𝑥     , 𝑟 = 𝑥

𝐸 = 𝑘௘ ∫
ௗ௤

௥మ

𝐸 = 𝑘௘ න
𝜆𝑑𝑥

𝑥ଶ

ℓା௔

௔

𝐸 = 𝑘௘𝜆 න
𝑑𝑥

𝑥ଶ

ℓା௔

௔

= 𝑘௘𝜆
−1

𝑥
อ

௔

௔ାℓ

𝐸 = 𝑘௘𝜆
−1

𝑎 + ℓ
−

−1

𝑎

𝐸 = 𝑘௘𝜆
1

𝑎
−

1

𝑎 + ℓ

𝐸 = 𝑘௘𝜆
𝑎 + ℓ − 𝑎

𝑎 𝑎 + ℓ

𝐸 =  
𝑘௘𝜆ℓ

𝑎 ℓ + 𝑎

Example 1: The Electric Field Due to a Charged Rod
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𝜆 : charge per unit length (C/m)
ℓ : Length (m)
Q: total charge (C)
a: distance from (P) to nearest end (m)
If 𝒂 ≫ ℓ :

𝐸 =
𝑘𝑄

𝑎ଶ

That is exactly the form for a point charge.

𝐸 = 𝑘௘𝜆 න
𝑑𝑥

𝑥ଶ

ℓା௔

௔

=  
𝑘௘𝜆ℓ

𝑎 ℓ + 𝑎
=

𝑘௘𝑄

𝑎 ℓ + 𝑎
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Example 2:
The Electric Field 
of a Uniform Ring 
of Charge

A ring of radius (𝑎) carries a uniformly distributed 

positive total charge (𝑄). Calculate the electric field 

due to the ring at a point (𝑃) lying a distance (𝑥)

from its centre along the central axis perpendicular to 

the plane of the ring.

11

30-Sep-24Mustafa Al-Zyout - Philadelphia University

Example 2: The Electric Field of a Uniform Ring of Charge
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The electric field has two components:

By symmetry, the perpendicular 
component is:

𝐸ୄ = 0

The x-component is:

a: radius of the ring (m)

Q: total charge (C)

x: the distance from the centre of the ring 
to point (P) laying along the central axis 
perpendicular to its plane.

for locations far away from the ring: 
𝑥 ≫ 𝑎 :

𝑥ଶ + 𝑎ଶ ଷ ଶ⁄ ≅ 𝑥ଶ ଷ ଶ⁄ = 𝑥ଷ

Then:

𝐸௫ =
𝑘௘𝑄

𝑥ଶ

the ring acts like a point charge

𝐸௫ =
𝑘௘𝑄𝑥

𝑥ଶ + 𝑎ଶ ଷ ଶ⁄
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Example 3:
The Electric Field 
of a Uniformly 
Charged Disk

A disk of radius 𝑅 has a uniform surface charge 

density (σ) . Calculate the electric field at a point (𝑃)

that lies along the central perpendicular axis of the 

disk and a distance 𝑥 from the center of the disk.

13

30-Sep-24Mustafa Al-Zyout - Philadelphia University

Example 3: The Electric Field of a Uniformly Charged Disk
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The electric field has two components:
By symmetry, the perpendicular 
component is:

𝐸ୄ = 0

The x-component is:

OR: R: radius of the disk (m)
𝜎: surface charge density (C/m2)
x: the distance from the centre of 
the disk to point (P) laying along 
the central axis perpendicular to its 
plane.

𝐸௫ = 2𝜋𝑘௘𝜎 1 −
𝑥

𝑥ଶ + 𝑅ଶ ଵ ଶ⁄

𝐸௫ =
𝜎

2𝜖°
1 −

𝑥

𝑥ଶ + 𝑅ଶ ଵ ଶ⁄
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Example 3: The Electric Field of a Uniformly Charged Disk
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for locations very close to the disk: 
𝑥 ≪ 𝑅  𝑜𝑟 𝑅 → ∞ . Then:

1 −
𝑥

𝑥ଶ + 𝑅ଶ ଷ ଶ⁄
≅ 1 −

𝑥

𝑅ଷ ≅ 1

Then:

𝐸௫ =
𝜎

2𝜖°

Which shows that the electric field 
due to an infinite plane of charge is 
uniform throughout space.

for locations far away from the 
disk: 𝑥 ≫ 𝑅 . Then:

𝐸௫ =
𝑘௘𝑄

𝑥ଶ

the ring acts like a point charge.

15



A rod 𝐿 = 14𝑐𝑚 long is uniformly charged and has a total charge of 𝑄 = −22 µ𝐶. Determine the magnitude of the electric 
field along the axis of the rod at a point 36 𝑐𝑚 from its center.

Lecturer: Mustafa Al-Zyout, Philadelphia University, Jordan.
R. A. Serway and J. W. Jewett, Jr., Physics for Scientists and Engineers, 9th Ed., CENGAGE Learning, 2014.
J. Walker, D. Halliday and R. Resnick, Fundamentals of Physics, 10th ed., WILEY,2014.
H. D. Young and R. A. Freedman, University Physics with Modern Physics, 14th ed., PEARSON, 2016.
H. A. Radi and J. O. Rasmussen, Principles of Physics For Scientists and Engineers, 1st ed., SPRINGER, 2013.

Let�s assume the rod is lying along the 𝑥 axis, 𝑑𝑥 is the length of one small segment, and 𝑑𝑞 is the charge on that segment. 
Because the rod has a charge per unit length 𝜆, the charge 𝑑𝑞 on the small segment is:

𝜆 =
𝑄

𝐿
⎯⎯=

𝑑𝑞

𝑑𝑥
⎯⎯⎯

𝑑𝑞 = 𝜆 d𝑥

Find the magnitude of the electric field at 𝑃 due to one segment of the rod having a charge 𝑑𝑞:

𝑑𝐸 =
𝑘 𝑑𝑞

𝑥ଶ
⎯⎯⎯⎯ =

𝑘𝜆 𝑑𝑥

𝑥ଶ
⎯⎯⎯⎯⎯

Find the total field at 𝑃:

𝐸 = 𝑘𝜆 න
𝑑𝑥

𝑥ଶ
⎯⎯⎯

௅ା௔

௔

Noting that 𝑘 and 𝜆 =
ொ

௅
⎯⎯, are constants and can be removed from the integral, evaluate the integral:

𝐿 = 14𝑐𝑚 = 0.14𝑚

𝑎 = 0.36 − 0.07 = 0.29𝑚

𝑄 = −22𝜇𝐶 = −22 × 10ି଺𝐶

𝐸 =
9 × 10ଽ × 22 × 10ି଺

0.29 × (0.14 + 0.29)
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯= 1.6 × 10଺ 𝑁/𝐶

𝐸ሬ⃗ = 1.6 × 10଺ 𝑁/𝐶, 𝚤̂

Answer:

𝐸 = 𝑘௘𝜆 න
𝑑𝑥

𝑥ଶ
⎯⎯⎯

௅ା௔

௔

𝐸 =
𝑘௘𝜆𝐿

𝑎(𝐿 + 𝑎)
⎯⎯⎯⎯⎯⎯⎯⎯=

𝑘௘𝑄

𝑎(𝐿 + 𝑎)
⎯⎯⎯⎯⎯⎯⎯⎯

When 𝑎 ≫ 𝐿: 𝐸 ≅
𝑘௘𝑄

𝑎ଶ
⎯⎯⎯⎯

Charged rod 1
Friday, 29 January, 2021 19:59

   23-05-Electric Field-Continuous Charges Page 1    



𝐸 = 𝑘𝜆 ቆ
−1

𝑥
⎯⎯⎯ቇอ

௔

௅ା௔

𝐸 = 𝑘𝜆 ቆ
−1

𝐿 + 𝑎
⎯⎯⎯⎯⎯+

1

𝑎
⎯⎯ቇ

𝐸 =
𝑘௘𝜆𝐿

𝑎(𝐿 + 𝑎)
⎯⎯⎯⎯⎯⎯⎯⎯=

𝑘௘𝑄

𝑎(𝐿 + 𝑎)
⎯⎯⎯⎯⎯⎯⎯⎯

IF P is far from the rod (𝑎 ≫ 𝐿), then 𝐿, in the denominator can be neglected and:

𝑎(𝐿 + 𝑎) ≅ 𝑎ଶ

𝐸 =
𝑘𝑄

𝑎ଶ
⎯⎯⎯

That is exactly the form you would expect for a point charge. 

On the other hand, if 𝑎 →  0, which corresponds to sliding the bar to the left until its left end is at the origin, then 𝐸 →  ∞.
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A uniformly charged ring of radius 10 𝑐𝑚 has a total charge of 75 µ𝐶. Find the electric field on the axis of the ring at (a) 
1 𝑐𝑚, (b) 5 𝑐𝑚, (c) 30 𝑐𝑚 and (d) 1000 𝑐𝑚 from the center of the ring.

Lecturer: Mustafa Al-Zyout, Philadelphia University, Jordan.
R. A. Serway and J. W. Jewett, Jr., Physics for Scientists and Engineers, 9th Ed., CENGAGE Learning, 2014.
J. Walker, D. Halliday and R. Resnick, Fundamentals of Physics, 10th ed., WILEY,2014.
H. D. Young and R. A. Freedman, University Physics with Modern Physics, 14th ed., PEARSON, 2016.
H. A. Radi and J. O. Rasmussen, Principles of Physics For Scientists and Engineers, 1st ed., SPRINGER, 2013.

The figure shows the electric field contribution d𝐸ሬ⃗ at 𝑃 due to a single segment of charge 𝑑𝑞 at the top of the ring. 

𝑑𝐸 =
𝑘 d𝑞

𝑟ଶ
⎯⎯⎯⎯=

𝑘 𝑑𝑞

𝑥ଶ + 𝑎ଶ
⎯⎯⎯⎯⎯⎯⎯

This field vector can be resolved into components d𝐸௫ parallel to the axis of the ring and d𝐸ୄ perpendicular to the 
axis. 

Because of the symmetry of the situation, the perpendicular components of the field cancel. That is true for all pairs 
of segments around the ring, so:

𝐸ୄ = න𝑑𝐸௬

 

 

= 0

Now, we can ignore the perpendicular component of the field and focus solely on the parallel components, which 

𝑎 = 10𝑐𝑚 = 0.1𝑚

𝑄 = 75𝜇𝐶 = 75 × 10ି଺𝐶

𝑥 = 1000𝑐𝑚 = 10𝑚

𝐸 =
9 × 10ଽ × 75 × 10ି଺ × 10

(0 ⋅ 1ଶ + 10ଶ)ଷ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯= 6.748 × 10ଷ 𝑁 𝐶⁄

𝑥 ≫ 𝑎

𝐸 =
9 × 10ଽ × 75 × 10ି଺

10ଶ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯= 6.75 × 10ଷ 𝑁 𝐶⁄

Answer:

By symmetry 𝐸ୄ = 0

𝐸௫ =
𝑘௘ 𝑄 𝑥

(𝑎ଶ + 𝑥ଶ)ଷ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

When 𝑥 ≫ 𝑎 𝐸௫ ≅
𝑘௘𝑄

𝑥ଶ
⎯⎯⎯⎯

When 𝑥 = 0 𝐸௫ = 0

When 𝑥 ≪ 𝑎 𝐸௫ ≅
𝑘௘𝑄

𝑎ଷ
⎯⎯⎯⎯𝑥

Charged ring
Friday, 29 January, 2021 19:59
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Now, we can ignore the perpendicular component of the field and focus solely on the parallel components, which 
simply add.

Evaluate the parallel component of an electric field contribution from a segment of charge 𝑑𝑞 on the ring:

𝐸௫ = න𝑑𝐸௫

 

 

= න𝑑𝐸
 

 

𝑐𝑜𝑠 𝜃

From the geometry:

cos θ =
𝑥

√𝑥ଶ + 𝑎ଶ⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯⎯

𝐸௫ = න
𝑘 𝑑𝑞

𝑥ଶ + 𝑎ଶ
⎯⎯⎯⎯⎯⎯⎯

𝑥

√𝑥ଶ + 𝑎ଶ⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯⎯
 

 

All segments of the ring make the same contribution to the field at 𝑃 because they are all equidistant from this point. 
Integrate over the circumference of the ring to obtain the total field at P :

𝐸௫ = න
𝑘𝑥

(𝑥ଶ + 𝑎ଶ)ଷ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯𝑑𝑞
 

 

𝐸௫ =
𝑘𝑥

(𝑥ଶ + 𝑎ଶ)ଷ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯න 𝑑𝑞

ொ

଴

𝐸௫ =
𝑘𝑥𝑄

(𝑥ଶ + 𝑎ଶ)ଷ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

This result shows that the field is zero at 𝑥 = 0:

At 𝑥 = 0,  𝐸 = 0

Furthermore, If 𝑥 >> 𝑎, then:

(𝑥ଶ + 𝑎ଶ)ଷ ଶ⁄ ≅ (𝑥ଶ)ଷ ଶ⁄ ≅ 𝑥ଷ

𝐸௫ =
𝑘𝑄

𝑥ଶ
⎯⎯⎯

So the ring acts like a point charge for locations far away from the ring.

Suppose a negative charge is placed at the center of the ring, and displaced slightly by a distance 𝑥 << 𝑎 along the x 
axis. When the charge is released:

(𝑥ଶ + 𝑎ଶ)ଷ ଶ⁄ ≅ (𝑎ଶ)ଷ ଶ⁄ ≅ 𝑎ଷ

𝐸௫ =
𝑘𝑄

𝑎ଷ
⎯⎯⎯𝑥

Therefore, the force on a charge −𝑞 placed near the center of the ring is:
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Therefore, the force on a charge −𝑞 placed near the center of the ring is:

𝐹 = −
𝑘𝑞𝑄

𝑎ଷ
⎯⎯⎯⎯𝑥

Because this force has the form of Hooke�s law, the motion of the negative charge is described with the particle in 
simple harmonic motion!

   23-05-Electric Field-Continuous Charges Page 5    



A uniformly charged disk of radius 35.0 𝑐𝑚 carries charge with a density of 7.9 × 10ିଷ  𝐶 𝑚ଶ⁄ . Calculate the electric 
field on the axis of the disk at (a) 5 𝑐𝑚, (b) 10 𝑐𝑚, (c) 50 𝑐𝑚 and (d) 200 𝑐𝑚 from the center of the disk.

Lecturer: Mustafa Al-Zyout, Philadelphia University, Jordan.
R. A. Serway and J. W. Jewett, Jr., Physics for Scientists and Engineers, 9th Ed., CENGAGE Learning, 2014.
J. Walker, D. Halliday and R. Resnick, Fundamentals of Physics, 10th ed., WILEY,2014.
H. D. Young and R. A. Freedman, University Physics with Modern Physics, 14th ed., PEARSON, 2016.
H. A. Radi and J. O. Rasmussen, Principles of Physics For Scientists and Engineers, 1st ed., SPRINGER, 2013.

Solution:

𝑅 = 0.35𝑚

𝜎 = 7 ⋅ 9 × 10ିଷ 𝐶 𝑚ଶ⁄

𝑥 = 0.05𝑚

𝐸 = 2 × 9 × 10ଽ × 𝜋 × 7.9 × 10ିଷ × ቆ1 −
0.05

(0.05ଶ + 0.35ଶ)ଵ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ቇ

= 3.836 × 10଼ 𝑁 𝐶⁄

Because the disk is continuous, we are evaluating the field due to a continuous charge distribution rather than a 
group of individual charges.

𝑑𝐸 =
𝑘 d𝑞

𝑟ଶ
⎯⎯⎯⎯

If the disk is considered to be a set of concentric rings, we can use the equation for the field created by a single ring 
of radius 𝑎, and sum the contributions of all rings making up the disk. By symmetry, the field at an axial point must 
be along the central axis.

Find the amount of charge 𝑑𝑞 on the surface area of a ring of radius 𝑟 and width 𝑑𝑟 as shown:

𝜎 =
𝑄

𝐴
⎯⎯=

d𝑞

d𝐴
⎯⎯⎯=

d𝑞

2𝜋𝑟 d𝑟
⎯⎯⎯⎯⎯⎯

Answer:

By symmetry: 𝐸ୄ = 0

𝐸௫ = 2𝑘௘𝜋𝜎𝑥 න
𝑟 𝑑𝑟

(𝑟ଶ + 𝑥ଶ)ଷ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

ோ

଴

𝐸௫ = 2𝑘௘𝜋𝜎 ቈ1 −
𝑥

(𝑥ଶ + 𝑅ଶ)ଵ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯቉

When 𝑥 ≫ 𝑅: 𝐸௫ ≅
𝑘௘𝑄

𝑥ଶ
⎯⎯⎯⎯

When 𝑥 ≪ 𝑅: 𝐸௫ ≅ 2𝑘௘𝜋𝜎 ≅
𝜎

2𝜖°
⎯⎯⎯

Charged disk
Friday, 29 January, 2021 20:00
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d𝑞 = 2𝜋𝑟𝜎 d𝑟

Use the equation for the field created by a single ring (with 𝑎 replaced by 𝑟 and 𝑄 replaced by 𝑑𝑞) to find the field 
due to the ring:

𝑑𝐸௫ =
𝑘𝑥

(𝑥ଶ + 𝑟ଶ)ଷ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯(2𝜋𝑟𝜎 d𝑟)

To obtain the total field at 𝑃, integrate this expression over the limits 𝑟 = 0 to 𝑟 = 𝑅, noting that 𝑥 is a

constant in this situation:

𝐸௫ = 2𝑘𝜋𝜎𝑥 න
𝑟

(𝑥ଶ + 𝑟ଶ)ଷ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯d𝑟

ோ

଴

Using: න ௫ ୢ௫

(௫మା௔మ)య మ⁄⎯⎯⎯⎯⎯⎯⎯⎯
 

 

=
ିଵ

√௫మା௔మ⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯

𝐸௫ = 2𝑘𝜋𝜎 ቆ1 −
𝑥

√𝑅ଶ + 𝑥ଶ⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯⎯ቇ

𝐸௫ =
𝜎

2𝜀଴
⎯⎯⎯ቆ1 −

𝑥

√𝑅ଶ + 𝑥ଶ⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯⎯ቇ

This result is valid for all values of 𝑥 > 0. For large values of 𝑥, the result above can be evaluated by a series 
expansion (Taylor expansion) and shown to be equivalent to the electric field of a point charge 𝑄. 

(1 + 𝑎)௡ = 1 + 𝑛𝑎 , 𝑎 =
𝑅ଶ

𝑥ଶ
⎯⎯⎯ , 𝑛 =

1

2
⎯⎯

1 −
𝑥

√𝑅ଶ + 𝑥ଶ⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯⎯ = 1 −
𝑥

𝑥ට1 +
𝑅ଶ

𝑥ଶ⎯⎯⎯
⎯⎯⎯⎯⎯⎯

 
⎯⎯⎯⎯⎯⎯⎯⎯⎯= 1 − ቆ1 +

𝑅ଶ

𝑥ଶ
⎯⎯⎯ቇ

ିଵ ଶ⁄

= 1 − ቆ1 −
1

2
⎯⎯

𝑅ଶ

𝑥ଶ
⎯⎯⎯ቇ =

𝑅ଶ

2𝑥ଶ
⎯⎯⎯

𝜎 =
𝑄

𝐴
⎯⎯=

𝑄

𝜋𝑅ଶ
⎯⎯⎯⎯

𝐸௫ = 2𝑘𝜋𝜎 ቆ1 −
𝑥

√𝑅ଶ + 𝑥ଶ⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯⎯ቇ

𝐸௫ = 2𝑘𝜋
𝑄

𝜋𝑅ଶ
⎯⎯⎯⎯

𝑅ଶ

2𝑥ଶ
⎯⎯⎯ =

𝑘𝑄

𝑥ଶ
⎯⎯⎯

We can calculate the field close to the disk along the axis by assuming 𝑥 ≪  𝑅, or if the disk becomes an infinite 
plane of charge (𝑅 → ∞); in this case, the expression in brackets reduces to unity to give us:

𝐸௫ = 2𝑘𝜋𝜎 =
𝜎

2𝜀଴
⎯⎯⎯

This result is independent of the position at which you measure the electric field. Therefore, the electric field due to 
an infinite plane of charge is uniform throughout space.
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A uniformly charged rod of length 𝐿 and total charge 𝑄 lies along the 𝑥 axis as shown. Find the magnitudes of the 
components of the electric field at the point 𝑃 on the 𝑦 axis a distance 𝑑 from the origin.

Answer
𝐸௫ = 𝑘௘𝜆 න

𝑥 𝑑𝑥

(𝑑ଶ + 𝑥ଶ)ଷ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

௅

଴

= 𝑘௘𝜆 ቈ
1

𝑑
⎯⎯−

1

(𝑑ଶ + 𝐿ଶ)ଵ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯቉

𝐸௬ = 𝑘௘𝜆𝑑 න
 𝑑𝑥

(𝑑ଶ + 𝑥ଶ)ଷ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

௅

଴

=
𝑘௘𝜆𝐿

𝑑
⎯⎯⎯⎯

1

(𝑑ଶ + 𝐿ଶ)ଵ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

When 𝑑 ≫ 𝐿 𝐸௫ = 0

𝐸௬ ≅
𝑘௘𝑄

𝑑ଶ
⎯⎯⎯⎯

Lecturer: Mustafa Al-Zyout, Philadelphia University, Jordan.
R. A. Serway and J. W. Jewett, Jr., Physics for Scientists and Engineers, 9th Ed., CENGAGE Learning, 2014.
J. Walker, D. Halliday and R. Resnick, Fundamentals of Physics, 10th ed., WILEY,2014.
H. D. Young and R. A. Freedman, University Physics with Modern Physics, 14th ed., PEARSON, 2016.
H. A. Radi and J. O. Rasmussen, Principles of Physics For Scientists and Engineers, 1st ed., SPRINGER, 2013.

The electric field at point P due to each element of length 𝑑𝑥 is

d𝐸 =
𝑘 d𝑞

𝑥ଶ + 𝑑ଶ
⎯⎯⎯⎯⎯⎯⎯

And is directed along the line joining the element to point 𝑃. The charge element

𝑑𝑞 = 𝜆 d𝑥

The x and y components are

d𝐸௫ = 𝑑𝐸 sin 𝜃

d𝐸௬ = 𝑑𝐸 cos 𝜃

Where:

sin 𝜃 =
𝑥

√𝑥ଶ + 𝑑ଶ⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯⎯

cos 𝜃 =
d

√𝑥ଶ + 𝑑ଶ⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯⎯

Therefore:

𝐸௫ = 𝑘𝜆 න
𝑥 d𝑥

(𝑥ଶ + 𝑑ଶ)ଷ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

௅

଴

d𝐸

d𝐸௬

d𝐸௫

d𝑞

d𝑥

𝜃

𝜃

Charged rod 2
Friday, 29 January, 2021 20:00
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𝐸௬ = 𝑘𝜆𝑦 න
d𝑥

(𝑥ଶ + 𝑑ଶ)ଷ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

௅

଴

Using the integrals:

න
d𝑥

(𝑥ଶ + 𝑎ଶ)ଷ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
 

 

=
𝑥

𝑎ଶ√𝑥ଶ + 𝑎ଶ⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

න
𝑥 d𝑥

(𝑥ଶ + 𝑎ଶ)ଷ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
 

 

=
−1

√𝑥ଶ + 𝑎ଶ⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯⎯

Evaluate the integral:

𝐸௫ = 𝑘𝜆 ቆ
1

𝑑
⎯⎯−

1

√𝐿ଶ + 𝑑ଶ⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯⎯ቇ

𝐸௬ =
𝑘𝜆𝐿

𝑑
⎯⎯⎯

1

√𝐿ଶ + 𝑑ଶ⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯⎯
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A thin rod of length 𝐿 and uniform charge per unit length 𝜆 lies along the 𝑥 axis as shown. Find the electric field at 𝑃, 
a distance 𝑑 from the rod along its perpendicular bisector.

Answer

By symmetry 𝐸௫ = 0

𝐸௬ = 2𝑘௘𝜆𝑑 න
 𝑑𝑥

(𝑑ଶ + 𝑥ଶ)ଷ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

௅ ଶ⁄

଴

𝐸௬ =
2𝑘௘𝜆

𝑑
⎯⎯⎯⎯ 𝑠𝑖𝑛𝜃°

For an infinite length: 𝜃ఖ = 90°
𝐸௬ =

2𝑘௘𝜆

𝑑
⎯⎯⎯⎯

When 𝑑 ≫ 𝐿 𝐸௬ =
𝑘௘𝑄

𝑑ଶ
⎯⎯⎯⎯

Lecturer: Mustafa Al-Zyout, Philadelphia University, Jordan.
R. A. Serway and J. W. Jewett, Jr., Physics for Scientists and Engineers, 9th Ed., CENGAGE Learning, 2014.
J. Walker, D. Halliday and R. Resnick, Fundamentals of Physics, 10th ed., WILEY,2014.
H. D. Young and R. A. Freedman, University Physics with Modern Physics, 14th ed., PEARSON, 2016.
H. A. Radi and J. O. Rasmussen, Principles of Physics For Scientists and Engineers, 1st ed., SPRINGER, 2013.

The electric field at point 𝑃, due to each element of length 𝑑𝑥, is

d𝐸 =
𝑘 d𝑞

𝑥ଶ + 𝑑ଶ
⎯⎯⎯⎯⎯⎯⎯

and is directed along the line joining the element to point 𝑃. By symmetry,

𝐸௫ = නd𝐸௫

 

 

= 0

And since:

d𝑞 = 𝜆 d𝑥

𝐸 = 𝐸௬ = න d𝐸௬

 

 

= න 𝑑𝐸 𝑐𝑜𝑠 𝜃

 

 

Where: cos 𝜃 =
ୢ

√௫మାௗమ⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯

Therefore:

E = 2𝐸௬ = න2 d𝐸
 

 

cos 𝜃 = 2𝑘 න
d𝑞

𝑥ଶ + 𝑑ଶ
⎯⎯⎯⎯⎯⎯⎯
 

 

cos 𝜃

𝐸 = 2𝑘𝜆 d න
d𝑥

(𝑥ଶ + 𝑑ଶ)ଷ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

௅ ଶ⁄

଴

d𝐸

d𝐸௬ = 𝑑𝐸 cos 𝜃

d𝐸௫ = 𝑑𝐸 sin 𝜃

Charged rod 3
Friday, 29 January, 2021 20:01

   23-05-Electric Field-Continuous Charges Page 11    



න
d𝑥

(𝑥ଶ + 𝑎ଶ)ଷ ଶ⁄
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

 

 

=
𝑥

𝑎√𝑥ଶ + 𝑎ଶ⎯⎯⎯⎯⎯⎯⎯ ⎯⎯⎯⎯⎯⎯⎯⎯⎯

𝐸 =
2𝑘𝜆

𝑑
⎯⎯⎯

1
2
⎯⎯𝐿

ඨ൬
1
2
⎯⎯𝐿൰

ଶ

+ 𝑑ଶ

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯
 

⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

With: sin 𝜃 =
భ

మ
ሱ௅

ටቀ
భ

మ
ሱ௅ቁ

మ
ାௗమ

⎯⎯⎯⎯⎯⎯⎯ 
⎯⎯⎯⎯⎯⎯⎯⎯

𝐸 =
2𝑘𝜆

𝑑
⎯⎯⎯ sin 𝜃

For a bar of infinite length, 𝜃 = 90°

𝐸 =
2𝑘𝜆

𝑑
⎯⎯⎯
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Answer

By symmetry 𝐸௫ = නd𝐸௫

 

 

= 0

𝐸௬ =
𝑘𝑄

𝑅ଶΦ
⎯⎯⎯⎯ න cos 𝜃 d𝜃

஍/ଶ

ି஍/ଶ

𝐸௬ =
2𝑘𝑄

𝑅ଶΦ
⎯⎯⎯⎯sin

Φ

2
⎯⎯

With 𝜆 =
ொ

ோ஍
⎯⎯⎯ 𝐸௬ =

2𝑘𝜆

𝑅
⎯⎯⎯ sin

Φ

2
⎯⎯

For a point charge, 𝛷 →0 ; ቂ lim
ః→଴

ୱ୧୬(ః ଶ⁄ )

(ః ଶ⁄ )
⎯⎯⎯⎯⎯⎯ = 1ቃ 𝐸௬ =

𝑘𝑄

𝑅ଶ
⎯⎯⎯

For half a circle, 𝛷 = 𝜋 ; ቂୱ୧୬(గ ଶ⁄ )

(గ ଶ⁄ )
⎯⎯⎯⎯⎯⎯ =

ଶ

గ
⎯ቃ 𝐸௬ =

2𝑘𝑄

𝜋𝑅ଶ
⎯⎯⎯⎯=

2𝑘𝜆

𝑅
⎯⎯⎯

For a ring of radius R, 𝛷 = 2𝜋 𝐸௬ = 0

Lecturer: Mustafa Al-Zyout, Philadelphia University, Jordan.
R. A. Serway and J. W. Jewett, Jr., Physics for Scientists and Engineers, 9th Ed., CENGAGE Learning, 2014.
J. Walker, D. Halliday and R. Resnick, Fundamentals of Physics, 10th ed., WILEY,2014.
H. D. Young and R. A. Freedman, University Physics with Modern Physics, 14th ed., PEARSON, 2016.
H. A. Radi and J. O. Rasmussen, Principles of Physics For Scientists and Engineers, 1st ed., SPRINGER, 2013.

To find the electric field at the center 𝑃 of this arc, we place coordinate axes such that the axis of symmetry of the arc lies 
along the 𝑦 − 𝑎𝑥𝑖𝑠 and the origin is at the arc�s center. If we let 𝜆 represent the linear charge density of this arc which has 
a length 𝑠 = 𝑅Φ, then:

𝜆 =
𝑄

𝑅Φ
⎯⎯⎯

For an arc element 𝑑𝑠 subtending an angle 𝑑𝜃 at 𝑃, we have:

d𝑠 = 𝑅 d𝜃

Therefore, the charge 𝑑𝑞 on this arc element will be given by:

d𝑞 = 𝜆 d𝑠 =
𝑄

𝑅Φ
⎯⎯⎯𝑅 d𝜃 =

𝑄

Φ
⎯⎯d𝜃

To find the electric field at point 𝑃, we first calculate the magnitude of the electric field 𝑑𝐸 at 𝑃 due to this element of 
charge 𝑑𝑞, as follows:

d𝐸 =
𝑘 d𝑞

𝑅ଶ
⎯⎯⎯⎯=

𝑘𝑄

𝑅ଶΦ
⎯⎯⎯⎯d𝜃

The x-component created at 𝑃 by any charge element 𝑑𝑞 is canceled by a symmetric charge element on the opposite side of 
the arc:

Assume that a rod has a uniformly distributed total positive charge 𝑄. Also assume that the rod is bent into a 
circular section of radius 𝑅 and central angle Φ 𝑟𝑎𝑑. Calculate the electric field at the center 𝑃 of this arc.

Charged Circular arc
Friday, 29 January, 2021 20:01

   23-05-Electric Field-Continuous Charges Page 13    



𝐸௫ = නd𝐸௫

 

 

= 0

Thus, the perpendicular components of all of the charge elements sum to zero. 

The vertical component will take the form:

𝐸௬ = නd𝐸
 

 

cos 𝜃

𝐸௬ = න
𝑘𝑄

𝑅ଶΦ
⎯⎯⎯⎯cos 𝜃 d𝜃

 

 

𝐸௬ =
𝑘𝑄

𝑅ଶΦ
⎯⎯⎯⎯ න cos 𝜃 d𝜃

஍/ଶ

ି஍/ଶ

𝐸௬ =
𝑘𝑄

𝑅ଶΦ
⎯⎯⎯⎯ 𝑠𝑖𝑛𝜃ቚ

ି஍/ଶ

஍/ଶ

𝐸௬ =
𝑘𝑄

𝑅ଶΦ
⎯⎯⎯⎯ቈsin

Φ

2
⎯⎯− sin ቆ−

Φ

2
⎯⎯ቇ቉

𝐸௬ =
𝑘𝑄

𝑅ଶΦ
⎯⎯⎯⎯ቈsin

Φ

2
⎯⎯+ sin ቆ

Φ

2
⎯⎯ቇ቉

𝐸௬ =
2𝑘𝑄

𝑅ଶΦ
⎯⎯⎯⎯sin

Φ

2
⎯⎯

𝐸௬ =
2𝑘𝑄

𝑅ଶΦ
⎯⎯⎯⎯sin

Φ

2
⎯⎯

𝐸௬ =
2𝑘𝜆

𝑅
⎯⎯⎯ sin

Φ

2
⎯⎯
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